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Where are we? Where are we going?

+ Learning about rv. distributions in all combinations

- Discrete vs. continuous and joint vs. marginal
+ Soon: inference (or learning about parameters of these distributions)

+ But first: the normal distribution and its cousins.

+ Why: massively important to inference due to the central limit theorem.
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Standard normal distribution

Definition
A continuous rv. Z follows a standard normal distribution if its p.d.f. ¢ is

given as
1 722/2

¢(2) = \/TT're )
and we write this Z ~ (0, 1)

—00 < z < 00,

- Not immediately obvious, but tricky calculus will show ff; p(z) =1

+ Normal c.d.f. has no closed form solution, so written as:

o(2) :/ \/%e*tz/zdt

- Standard normal is mean zero, variance 1: E[Z] = 0,V[Z] = 1.
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The normal distribution
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+ Deeply symmetric:

- p.df. is symmetric: ¢(z) = ¢(—2)
+ Tail areas are symmetric ®(z) = 1 — ®(—2z)
+ Zand —Z are both V(0,1)
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General normal distribution

Defintion

If Z ~N(0,1) then
X=u+oZ

follows the normal distribution with mean u and variance o2, written
X ~ N (u,02).
- We can move back to a standard normal through standardization:
X—u
—— ~ N(0,1).
—£~ N1
- cdf: O((x —pu)/o)
- p.d.f:

o) = ——exp {0
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Properties of normals and sums

< If X, ~ N(up,02) and X, ~ N(uy,02) and X; 1L X,,

Xy + X ~ N (g + tp, 0f +05)

+ Cramer’s theorem: if X; 1L X, and X; + X, is normal, then X; and X, are
normal.
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- pnorm( ) evaluates the c.d.f. of the normal:
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pnorm(q = 0, mean

## [1] 0.5
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- pnorm( ) evaluates the c.d.f. of the normal:
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pnorm(q = O, mean = lower.tail = FALSE)

## [1] 0.5
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- pnorm( ) evaluates the c.d.f. of the normal:
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pnorm(q = O, mean = sd = 1) - pnorm(q = -1, mean = 0, sd = 1)

## [1] 0.341
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Empirical Rule for the Normal Distribution

« If Z ~ N(0,1), then the following are roughly true:

+ Roughly 68% of the distribution of Z is between -1and 1.
+ Roughly 95% of the distribution of Z is between -2 and 2.
+ Roughly 99.7% of the distribution of Z is between -3 and 3.
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Chi-square distribution

Definition

Let V = Z2 + - + Z2 where Z,, Z,, ..., Z, are i.i.d. N(0,1). Then V follows the
Chi-square distribution with n degrees of freedom, written V ~ x2

+ Why do we care? Sample variance of normal rv.s Xi, ..., X, i.i.d. N(u, o?):

1 <& = (n—1)s?
$* = n_lz;(xf—x)z T ~ X
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Student t distribution

Definition
If Z~ N(0,1) and V ~ x2 with Z 1L V, then

follows the student-t distribution with n degrees of freedom, written T ~ t,.

+ Important result for the normal model: if X, ..., X, are i.i.d. NV (u, o?):

X, —u

\/s?/n

o=

~ tnfl

+ Properties of the t distribution:

+ Symmetric and mean-zero like the standard normal.
+ Fatter tails than the normal.
+ Converges to NV (0,1) as n — oo
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Multivariate random vectors

+ Can group r.v.s into random vectors X = (X, ..., X,)’

+ X is a function from the sample space to R¥
+ x is now a length-k vector and potential value of X
- Generalizes all ideas from 2 variables to k

+ Joint distribution function: F(x) = P(X < x) = P(X; < xq, ..., X < xp).

- Discrete: joint p.m.f. P(X = x).
+ Continuous: joint p.d.f.

6!77
f(X) - 8X1 ”'8Xk F(X)

+ Expectation of a random vector is just the vector of expectations:

E[X] = (E[X,], E[X,], ..., E[X,])’
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Covariance matrices

- Covariance matrix generalizes (co)variance to this setting:

VIX] = E[(X — E[X])(X — E[X])’]

+ We usually write V[X] = X and it is a k x k symmetric matrix:

2
01 O v Oy
2
o' o' “en O'
s .21 .2 ?k
e 2
Ok1 Ok Oy

where, o7 = V[X]] and o;; = Cov(X;, X)).

- Symmetric (X = ') because Cov(X;, X;) = Cov(X;, X;).
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Multivariate standard normal distribution

c letZ=12,2,..,7Z beiid. N(0,1). What is their joint distribution?

+ For vector of values z = (z, 2y, ..., z,) T

+ Easy to see the mean/variance: E£[Z] = 0 and V[Z] = I,.

* I, is the k by k identity matrix because V[Z;] = 1 and Cov(Z;, Z;) = 0.

i <j
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Linear transformations of random vectors

Theorem

If X € R* with k x 1 expectation p and k x k covariance matrix 3, and A is a

g x k matrix, then AX is a random vector with mean Ap and covariance
matrix AXA’.

« LetZ ~ N (0,1,) and X = u + BZ, where B is g x k then X ~ N (p, X)

+ p: g x 1 mean vector E[X] = p
+ 3 = BB’: g x g covariance matrix V[X] = X.

+ More generally, if X ~ N (u, X) thenY =a+ BX ~ N(a+ Bu,BXB’)
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Properties of the multivariate normal

< If (X1, X5, X5) are MVN, then (X;, X;) is also MVN.

« If (X, Y) are multivariate normal with Cov(X, Y) = 0, then X and Y are
independent.

17 /17



