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Where are we? Where are we going?

• Learning about r.v. distributions in all combinations

• Discrete vs. continuous and joint vs. marginal

• Soon: inference (or learning about parameters of these distributions)

• But first: the normal distribution and its cousins.

• Why: massively important to inference due to the central limit theorem.
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Standard normal distribution

Definition
A continuous r.v. 𝘡 follows a standard normal distribution if its p.d.f. 𝜑 is
given as

𝜑(𝘻) = 𝟣√
𝟤𝜋 𝘦−𝘻𝟤/𝟤, −∞ < 𝘻 < ∞,

and we write this 𝘡 ∼ 𝒩(𝟢, 𝟣)

• Not immediately obvious, but tricky calculus will show ∫∞
−∞ 𝜑(𝘻) = 𝟣.

• Normal c.d.f. has no closed form solution, so written as:

Φ(𝘻) = ∫
𝘻

−∞

𝟣√
𝟤𝜋 𝘦−𝘵𝟤/𝟤𝘥𝘵

• Standard normal is mean zero, variance 1: 𝔼[𝘡] = 𝟢, 𝕍[𝘡 ] = 𝟣.
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The normal distribution
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• Deeply symmetric:

• p.d.f. is symmetric: 𝜑(𝘻) = 𝜑(−𝘻)
• Tail areas are symmetric Φ(𝘻) = 𝟣 − Φ(−𝘻)
• 𝘡 and −𝘡 are both 𝒩(𝟢, 𝟣)
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General normal distribution
Defintion
If 𝘡 ∼ 𝒩(𝟢, 𝟣) then

𝘟 = 𝜇 + 𝜎𝘡

follows the normal distribution with mean 𝜇 and variance 𝜎 𝟤, written
𝘟 ∼ 𝒩(𝜇, 𝜎 𝟤).

• We can move back to a standard normal through standardization:

𝘟 − 𝜇
𝜎 ∼ 𝒩(𝟢, 𝟣).

• c.d.f.: Φ((𝘹 − 𝜇)/𝜎)

• p.d.f.:

𝘧𝘟 (𝘹) = 𝟣
𝜎√

𝟤𝜋 exp{−(𝘹 − 𝜇)𝟤

𝟤𝜎 𝟤 }
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Properties of normals and sums

• If 𝘟𝟣 ∼ 𝒩(𝜇𝟣, 𝜎 𝟤
𝟣 ) and 𝘟𝟤 ∼ 𝒩(𝜇𝟤, 𝜎 𝟤

𝟤 ) and 𝘟𝟣 ⟂⟂ 𝘟𝟤,

𝘟𝟣 + 𝘟𝟤 ∼ 𝒩(𝜇𝟣 + 𝜇𝟤, 𝜎 𝟤
𝟣 + 𝜎 𝟤

𝟤 )

• Cramer’s theorem: if 𝘟𝟣 ⟂⟂ 𝘟𝟤 and 𝘟𝟣 + 𝘟𝟤 is normal, then 𝘟𝟣 and 𝘟𝟤 are
normal.
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Using pnorm

• pnorm() evaluates the c.d.f. of the normal:
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pnorm(q = 0, mean = 0, sd = 1)

## [1] 0.5
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Using pnorm

• pnorm() evaluates the c.d.f. of the normal:
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Using pnorm

• pnorm() evaluates the c.d.f. of the normal:
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Empirical Rule for the Normal Distribution
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• If 𝘡 ∼ 𝒩(𝟢, 𝟣), then the following are roughly true:

• Roughly 68% of the distribution of 𝘡 is between -1 and 1.
• Roughly 95% of the distribution of 𝘡 is between -2 and 2.
• Roughly 99.7% of the distribution of 𝘡 is between -3 and 3.
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Chi-square distribution

Definition
Let 𝘝 = 𝘡 𝟤

𝟣 + ⋯ + 𝘡 𝟤
𝘯 where 𝘡𝟣, 𝘡𝟤, … , 𝘡𝘯 are i.i.d. 𝒩(𝟢, 𝟣). Then 𝘝 follows the

Chi-square distribution with 𝘯 degrees of freedom, written 𝘝 ∼ 𝜒𝟤
𝘯

• Why do we care? Sample variance of normal r.v.s 𝘟𝟣, … , 𝘟𝘯 i.i.d. 𝘕(𝜇, 𝜎 𝟤):

𝘴𝟤 = 𝟣
𝘯 − 𝟣

𝘯
∑
𝘪=𝟣

(𝘟𝘪 − 𝘟)𝟤 (𝘯 − 𝟣)𝘴𝟤

𝜎 𝟤 ∼ 𝜒𝟤
𝘯−𝟣
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Student t distribution
Definition
If 𝘡 ∼ 𝒩(𝟢, 𝟣) and 𝘝 ∼ 𝜒𝟤

𝘯 with 𝘡 ⟂⟂ 𝘝 , then

𝘛 = 𝘡
√𝘝 /𝘯

,

follows the student-t distribution with 𝘯 degrees of freedom, written 𝘛 ∼ 𝘵𝘯.

• Important result for the normal model: if 𝘟𝟣, … , 𝘟𝘯 are i.i.d. 𝒩(𝜇, 𝜎 𝟤):

𝘛 = 𝘟 𝘯 − 𝜇
√𝘴𝟤/𝘯

∼ 𝘵𝘯−𝟣

• Properties of the 𝘵 distribution:

• Symmetric and mean-zero like the standard normal.
• Fatter tails than the normal.
• Converges to 𝒩(𝟢, 𝟣) as 𝘯 → ∞
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Multivariate random vectors
• Can group r.v.s into random vectors 𝗫 = (𝘟𝟣, … , 𝘟𝘬)′

• 𝗫 is a function from the sample space to ℝ𝘬

• 𝘅 is now a length-𝘬 vector and potential value of 𝗫
• Generalizes all ideas from 2 variables to 𝘬

• Joint distribution function: 𝘍(𝘅) = ℙ(𝗫 ≤ 𝘅) = ℙ(𝘟𝟣 ≤ 𝘹𝟣, … , 𝘟𝘬 ≤ 𝘹𝘬).

• Discrete: joint p.m.f. ℙ(𝗫 = 𝘅).
• Continuous: joint p.d.f.

𝘧 (𝘅) = 𝜕𝘮

𝜕𝘹𝟣 ⋯ 𝜕𝘹𝘬
𝘍(𝘅)

• Expectation of a random vector is just the vector of expectations:

𝔼[𝗫] = (𝔼[𝘟𝟣], 𝔼[𝘟𝟤], … , 𝔼[𝘟𝘬 ])′
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Covariance matrices

• Covariance matrix generalizes (co)variance to this setting:

𝕍[𝗫] = 𝔼 [(𝗫 − 𝔼[𝗫])(𝗫 − 𝔼[𝗫])′]

• We usually write 𝕍[𝗫] = 𝚺 and it is a 𝘬 × 𝘬 symmetric matrix:

𝚺 =
⎛⎜⎜⎜⎜⎜
⎝

𝜎 𝟤
𝟣 𝜎𝟣𝟤 ⋯ 𝜎𝟣𝘬

𝜎𝟤𝟣 𝜎 𝟤
𝟤 ⋯ 𝜎𝟤𝘬

⋮ ⋮ ⋱ ⋮
𝜎𝘬𝟣 𝜎𝘬𝟤 ⋯ 𝜎 𝟤

𝘬

⎞⎟⎟⎟⎟⎟
⎠

where, 𝜎 𝟤
𝘫 = 𝕍[𝘟𝘫 ] and 𝜎𝘪 𝘫 = Cov(𝘟𝘪 , 𝘟𝘫).

• Symmetric (𝚺 = 𝚺′) because Cov(𝘟𝘪 , 𝘟𝘫) = Cov(𝘟𝘫 , 𝘟𝘪 ).
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Multivariate standard normal distribution

• Let 𝗭 = 𝘡𝟣, 𝘡𝟤, … , 𝘡𝘬 be i.i.d. 𝒩(𝟢, 𝟣). What is their joint distribution?

• For vector of values 𝘇 = (𝘻𝟣, 𝘻𝟤, … , 𝘻𝘬)𝘛

𝘧 (𝘇) = 𝟣
(𝟤𝜋)𝘬/𝟤 exp(−𝘇′𝘇

𝟤 )

• Easy to see the mean/variance: 𝔼[𝗭] = 𝟢 and 𝕍[𝗭] = 𝗜𝘬 .

• 𝗜𝘬 is the 𝘬 by 𝘬 identity matrix because 𝕍[𝘡𝘫 ] = 𝟣 and Cov(𝘡𝘪 , 𝘡𝘫 ) = 𝟢.
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Linear transformations of random vectors

Theorem
If 𝗫 ∈ ℝ𝘬 with 𝘬 × 𝟣 expectation 𝝁 and 𝘬 × 𝘬 covariance matrix 𝚺, and 𝗔 is a
𝘲 × 𝘬 matrix, then 𝗔𝗫 is a random vector with mean 𝗔𝝁 and covariance
matrix 𝗔𝚺𝗔′.

• Let 𝗭 ∼ 𝒩(𝟢, 𝗜𝘬) and 𝗫 = 𝝁 + 𝗕𝗭, where 𝗕 is 𝘲 × 𝘬 then 𝗫 ∼ 𝒩(𝝁, 𝚺)

• 𝝁: 𝘲 × 𝟣 mean vector 𝔼[𝗫] = 𝝁
• 𝚺 = 𝗕𝗕′: 𝘲 × 𝘲 covariance matrix 𝕍[𝗫] = 𝚺.

• More generally, if 𝗫 ∼ 𝒩(𝝁, 𝚺) then 𝗬 = 𝗮 + 𝗕𝗫 ∼ 𝒩(𝗮 + 𝗕𝝁, 𝗕𝚺𝗕′)
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Properties of the multivariate normal

• If (𝘟𝟣, 𝘟𝟤, 𝘟𝟥) are MVN, then (𝘟𝟣, 𝘟𝟤) is also MVN.

• If (𝘟, 𝘠 ) are multivariate normal with Cov(𝘟, 𝘠 ) = 𝟢, then 𝘟 and 𝘠 are
independent.
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